
COMP11212 Fundamentals of Computation Part II

Exercise Sheet 10 for examples class in Week 11

1. This exercise requires you to prove two properties about “Big-Oh”.

(a) Show that “Big-Oh” is transitive; i.e. if f ∈ O(g) and g ∈ O(h), then f ∈ O(h).

(b) Show that
O(1)  O(log n)  O(n)

noting that this requires you to consider four separate cases.

2. To get 1 mark you should attempt at least (a)-(d). To get 2 marks you should also attempt 2 of
the remaining parts. I encourage you to attempt the full question.

Consider the following two programs which compute the same function of x with the (main)
result being placed in z.

d := 1 ; z := 0 ;
while d?2 ≤ x do (

z := z+1;
d := 2?d

) ;
r := x−d

z := 0 ; r := 0 ;
while x >= 2 do (

s := x
d := 0
while 2 ≤ s do (d := d+1; s := s−2);
z := z+1
r := r+(z? s )
x := d

)

(a) What function is being computed?

(b) What is the complexity of each program in big-Oh notation? Explain your answer.

(c) Given the complexities in your previous answer, for each program state and explain whether

it belongs to each of the complexity classes O(1), O(n
1
2 ), O(n), O(2n).

(d) Write a Hoare-triple capturing the function stated in your answer to (a). What assumptions
about x do you need to make?

(e) Find a loop invariant I of the loop in the program on the left containing at least z and d

and show that it is invariant i.e. prove { I ∧ 2d ≤ x } z := z + 1; d := 2d { I }.
(f) Pick one of the programs and argue (without proof) that it terminates.

(g) Let U be a the Universal Program (in while) taking the code number for a program in x

and its input in y and placing the result in z. Let n be the code number of the program
on the left above. What is the value of σ(z) if 〈[x 7→ n, y 7→ 8],U〉 ⇒∗ σ.

(h) Let L be the program on the left above and let f be the function from your answer in (a).
Use L to show that checking whether for some a, b we have f(a) = b is partially decidable.


